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A harmonic oscillator model is proposed to study the intensification of microwave radiation of an electrically small
antenna when surrounded by a subwavelength plasma discharge. This model describes the oscillations of free electrons
in a spherical plasma when it is excited by an incident electromagnetic wave. It shows that at resonance, these charge
oscillations lead to a significant volume current, and thus to an enhancement of the radiation. Depending on the
electron density of the plasma, this radiation enhancement may occur in the microwave range. The proposed model
is compared with the Mie scattering theory with perfect agreement when the electrical size ka of the spherical plasma
remains smaller than 0.1. Despite its apparent simplicity, this model unveils the main mechanism that stands behind
the intensification of microwave radiation by a subwavelength plasma discharge.
I. INTRODUCTION
Low-temperature plasmas are of particular interest for the
design of new microwave antennas.1–16 From the electromag-
netic point of view, such plasmas are generally described by
the Drude model of the relative permittivity εp. For a non-
magnetized low-temperature cold plasma it is given by17
εp = 1−
ω2p
ω (ω + iν)





where ν , ωp, e, ne, me, and ε0 are the electron-neutral col-
lision frequency, the plasma angular frequency, the Coulomb
charge, the electron density, the electron mass, and the free
space permittivity, respectively. Neglecting collisions (i.e.,
ν ≪ ω), Eq. (1) clearly shows that such a plasma can behave
either as a good electrical conductor for angular frequencies
well below the plasma angular frequency (i.e., ω ≪ ωp), or as
a dielectric medium when ω > ωp.
Most of plasma-based antennas proposed in the literature
use the plasma as a good electrical conductor in order to re-
place metallic wires or reflectors and obtain stealth, tunable,
steerable, and even flexible antennas.1–5 Directional antennas
with beam steering capabilities have also been achieved by
using electrically large plasmas as dielectric media.6,7 The
plasma then acts as a dielectric lens whose refractive index
can be controlled to change the focus of the propagating mi-
crowave fields. Other studies have pointed out another inter-
esting use of low-temperature plasmas for the design of elec-
trically small antennas.8–16 In this case, the plasma behaves
neither as a good electrical conductor, nor as a dielectric, but
rather as a poor electrical conductor. Several explanations
have therefore been proposed to explain the intensification of
the microwave radiation due to the plasma.
a)Electronic mail: adrien.laffont@isae-supaero.fr.
Messiaen and Vandenplas8 have carried out one of the first
experiments demonstrating the enhanced radiation of an elec-
trically small spherical antenna when surrounded by a sub-
wavelength plasma layer. In their work,8 as well as in more
recent studies,9,10,12 the intensification of the microwave radi-
ation has been justified by the tuning effect of the plasma layer
on the electrically small antenna input impedance. The plasma
then behaves as an inductive medium compensating for the
capacitive nature of the antenna input impedance, thereby im-
proving its radiation efficiency. Recent experimental results
obtained by Laquerbe et al.15 partly support this explana-
tion. Wang et al.13 have studied numerically the impact of
the plasma discharge on the phase of the electric and mag-
netic fields in the near field region. They have suggested
that the plasma layer produces a phase difference for these
fields that allows enhanced radiation in the far field region.
Finally, several studies have considered this microwave ra-
diation enhancement as directly due to the resonance of the
plasma itself.11,15,16 This resonance, also known as the local-
ized surface plasmon resonance (LSPR) in plasmonics, may
thus be excited by the dipole located within it, and it is the
combination of the plasma resonator with this dipole excita-
tion that leads to an efficient electrically small antenna. It
appears that the main mechanism that stand behind the inten-
sification of microwave radiation remains misunderstood. In
this paper, we propose to study it using a harmonic oscillator
(HO) model.
As mentioned, the intensification of microwave radiation
by a subwavelength plasma discharge and the problems ad-
dressed in plasmonics appear to be directly linked.18–20 The
LSPR is more precisely a physical phenomenon that can oc-
cur for conductive objects that are very small compared to
the wavelength of the incident electromagnetic excitation.21
In optics, the LSPR is obtained with metallic nanoparticles
and used to build optical antennas.22 Usually, the resonance
condition is determined by solving an electromagnetic scat-
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say for objects whose electrical size tends to 0. For a lossless
spherical particle, the resonance condition appears when its
relative permittivity is exactly equal to −2, namely a weakly
conducting medium21. Considering materials described by
the Drude model of Eq. (1), the condition εp = −2 is then
obtained for the angular frequency ω = ωp/
√
3. Note that
more accurate results can be obtained using Mie scattering
theory for spheres of any realistic electrical size.23,24 While
these methods provide information on the behaviour of the
LSPR, they do so with a macroscopic view of the problem us-
ing global parameters such as the relative permittivity εp, and
one then loses the physical meaning of this resonance.
In this paper, we propose to use a harmonic oscillator (HO)
model to study the intensification of radiation produced by a
subwavelength gaseous plasma sphere. HO models have al-
ready been used to study metal nanoparticles.25,26 Although
very simple, these models make it possible to understand the
dynamics of the plasma electrons at the mesoscopic scale dur-
ing resonance and thus to bring a new perspective to the devel-
opment of efficient electrically small plasma-based antennas.
II. HARMONIC OSCILLATOR MODEL
We first assume that a uniform low-temperature plasma
sphere of radius a can be thought as the superposition of
two rigid spheres of charged particles in a background neutral
gas: one of uniform negative charge (i.e., the free electrons
of density ne) and one of uniform positive charge (i.e., the
ions). Ions and neutrals are considered fixed due to their large
mass, while electrons are free to move around their equilib-
rium position. When moving, the free electrons are assumed
to mainly collide neutrals with a mean electron-neutral col-
lision frequency ν . Since we are dealing with weakly ion-
ized plasmas, the electron-ion collision frequency is negligi-
ble compared to the electron-neutral collision frequency. This
plasma model does not take into account its containing layer
which leads to a plasma sheath and its inhomogeneity. How-
ever, as discussed in Section IV, these plasma characteristics
do not change the physical interpretation of the mechanisms
that stand behind the radiation enhancement. Therefore, the
main objective being the understanding of the physical phe-
nomenon, a first-order description of the plasma is voluntarily
considered.
Assuming that it is possible to shift by an amount z ≪ a the
electron sphere without perturbating the internal structure of
each sphere as shown in Fig. 1, a negative static surface charge
appears on one pole of the sphere and a positive surface charge
on the opposite pole. These surface charges produce a static





We now suddenly release the constraint on the electron
sphere. By modeling the effect of the electron-neutral col-
lisions as a frictional force Floss = −meν dzdt , the equation of
FIG. 1. 2D schematic of the disturbed plasma sphere with a plane
view of the spherical coordinate system.















z = 0 (4)
It corresponds to the equation of a damped harmonic oscil-
lator whose angular resonant frequency is the so-called Mie
frequency ωp/
√
3. Note that geometries other than the spher-
ical geometry can be modeled if the analytical expression of
the restoring force is known. Then, the resonance condition
will certainly be different. For example, for a bulk plasma we
obtain the well known plasmon resonance for ω = ωp.
21
So far, these results are not directly related to our antenna
problem. When dealing with an electrically small antenna sur-
rounded by a subwavelength plasma layer, an additional exter-
nal force is applied to the free electrons corresponding to the
electromagnetic field radiated by the source inside the plasma
within the transmitting mode. However, the model may be
complicated depending on the feeding system. As a result, it
is proposed to study the plasma sphere when illuminated by
an electromagnetic linearly polarized plane wave as done in
plasmonics.21 In practice, this is equivalent to studying the un-
loaded plasma resonator.28 The question of coupling between
this resonator and the feeding system is thus set aside.29
We now consider that the plasma sphere is illuminated by
an electromagnetic linearly polarized plane wave propagating
in the y-direction with the electric field in the z-direction. The
sphere is centered at the origin of the coordinate system and
assumed to be very small compared to the wavelength of the
incident plane wave (a ≪ λ ). As a result, the electromagnetic
field seen by the entire sphere is almost uniform. The ky-
dependence, with k= 2π/λ the wave vector, in the plane wave
expression can be neglected and the external driving force ap-
plied to each free electron in the plasma is
Fext =−eEinc, with Einc = E0 cos(ωt +φ)ez (5)
where ω is the angular frequency of the wave and φ its phase
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Note that since we are dealing with charged particles in mo-
tion, we could have considered losses due to electromagnetic
radiation through the radiation reaction force also known as
Abraham-Lorentz force.26 However, these losses are negligi-
ble at microwave frequencies compared to collision losses.27
In steady state, the electrons oscillate around their equilib-
rium position. Assuming a harmonic time dependence factor










All the free electrons now contribute to a macroscopic uni-
form current J =−eneiωZ within the sphere, such that







This induced current is then responsible for radiation or
more precisely for a scattered electromagnetic field. This field
can be calculated using the vector potential A. Consider a
spherical polar (r,θ ,ϕ) coordinate system with r the distance
to the center, θ the polar angle, and ϕ the azimuthal angle (see
Fig. 1. Since a ≪ λ , the vector potential A is defined at any













as the current J is uniform within the sphere. Here, µ0 and V
are the free space permeability and the volume of the sphere,
respectively. The scattered electric field Esca in the far-field














Note here that it corresponds to the radiation pattern of a
small dipole with a maximum for θ =±π/2.
From Eq. (10) we can also derive the bistatic radar cross
section (RCS) σ of the sphere which is a metric on its ability
to scatter electromagnetic energy in a given direction when


















ν = 1.99× 107 Hz
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ν = 9.42× 108 Hz



















FIG. 2. Maximum RCS of a plasma sphere (ne = 3.35×109 cm−3)
with ka = 0.05 at 300 MHz (a = 8 mm) as a function of the fre-
quency of the incident electromagnetic plane wave for different col-
lision frequencies; (a) ν = 0.01ω at 300 MHz (ν = 1.99×107 Hz);
(b) ν = 0.1ω at 300 MHz (ν = 1.99 × 108 Hz); (c) ν = 0.5ω at
300 MHz (ν = 9.42×108 Hz).
III. VALIDATION OF THE MODEL
For a collisionless plasma (i.e., ν = 0 Hz), we can observe
from Eq. (12) that σ is maximum for ω = ωp/
√
3. This re-
sult agrees with the solution obtained when analyzing directly
the problem as an electromagnetic scattering one under quasi-
static assumption.21 However, when losses are taken into ac-
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When losses are taken into account, the results of the HO
model must be compared with an electromagnetic numerical
code. In the case of spherical geometry, general Mie scatter-
ing theory is particularly suitable for simulating the problem
by considering a sphere of a material defined by the Drude
model.23,24,31 The results of the HO model are thus compared
with an in-house software exploiting Mie scattering theory,
details of which have been published by Shore.24 The HO
model assumes a ≪ λ , whereas Mie theory remains valid
for any electrical size ka of the sphere. We first model a
plasma sphere such that its electrical size ka is equal to 0.05 at
300 MHz, namely a = 8 mm. To obtain the LSPR at 300 MHz
we must then have ne = 3.35× 109 cm−3 if ν ≪ ω . These
plasma parameters were arbitrarily chosen to refer to pre-
vious experimental work on electrically small plasma-based
antennas.15
Figures 2a shows the maximum value for the RCS of the
plasma sphere σmax calculated analytically with the HO model
and numerically with the Mie model. A low collision fre-
quency ν = 0.01ω at 300 MHz (i.e., ν = 1.88 × 107 Hz)
is here considered. These curves clearly show that the HO
model is consistent with the results obtained using the in-
house Mie software. As plasma losses increase, a decrease
in σmax is observed as well as a frequency shift of its max-
imum value. Figures 2b and 2c present the maximum value
for the RCS considering the same dimensions for the spheres
as in Fig. 2a but with larger collision frequencies ν = 0.1ω
(i.e., ν = 1.99× 108 Hz) and ν = 0.5ω at 300 MHz (i.e.,
ν = 9.42×108 Hz), respectively. We note that the microwave
radiation enhancement decreases and that the resonant fre-
quency is blue-shifted from 0.8 MHz and 20 MHz, respec-
tively, which is in agreement with Eq. (13).
If Mie scattering theory can be used for a sphere of any size,
it is important to note that the HO model is only valid when
the electrical size ka of the plasma sphere is sufficiently small,
that is to say when the quasi-static approximation holds.31
Figure 3a thus recalls σmax for ka = 0.05 (i.e., a = 8 mm),
while Fig. 3b and 3c refer to larger spheres with ka = 0.2 (i.e.,
a = 32 mm) and ka = 0.5 (i.e., a = 80 mm), respectively, also
considering ν = 0.01ω at 300 MHz. Besides, graphical inserts
in Fig. 3 show precisely the scale ratio between the plasma
sphere (black dot) and the wavelength at 300 MHz. As the
electrical size ka of the sphere increases, the HO model fails
to predict both the frequency and intensity of the resonance
peak. If ka is too large, the electrons no longer oscillate coher-
ently because the incident electromagnetic field is no longer
uniform inside the plasma, and the driving force of the HO
model does not take it into account.
Figure 4 gives the error made with the HO model on the
resonant frequency fres as a function of the electrical size ka
for ne = 3.35×109 cm−3 with three collision frequencies ν =
0.01ω (i.e., ν = 1.99× 107 Hz), ν = 0.1ω (i.e., ν = 1.99×
108 Hz), and ν = 0.5ω (i.e., ν = 9.42×108 Hz) at 300 MHz.
An error of less than 10 % is observed as long as ka 6 0.5.
Concerning the magnitude of σmax at resonance, Fig. 5
shows the difference in dB between the two peaks for ne =
3.35×109 cm−3 with three collision frequencies ν = 0.01ω ,
ν = 0.1ω , and ν = 0.5ω at 300 MHz. When losses are low, a
a = 8 mm
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FIG. 3. Maximum RCS of a plasma sphere (ne = 3.35× 109 cm−3
and ν = 1.99×107 Hz) as a function of the frequency of the incident
electromagnetic plane wave for different electrical size; (a) ka= 0.05
at 300 MHz (a = 8 mm); (b) ka = 0.2 at 300 MHz (a = 32 mm); (c)
ka = 0.5 at 300 MHz (a = 80 mm).
large discrepancy can be observed between the HO model and
the Mie code as ka increases. However, an increase in losses
within the plasma tends to reduce this deviation.
In order to keep an error on the resonant frequency fres of
less than 1 % and a deviation on the amplitude of σmax of less
than 1 dB we need to have ka 6 0.1. This value, although ar-
bitrary, gives an idea of the range of validity of the HO model.
IV. DISCUSSION
According to the HO model, we can state that the intensifi-
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) ν = 1, 99× 107 Hz
ν = 1, 99× 10
8
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ν = 9, 42× 10
8
Hz
FIG. 4. Error on the resonant frequency fres between the HO and
Mie models as a function of the electrical size ka for three collision
frequencies ν = 0.01ω (ν = 1.99×107 Hz), ν = 0.1ω (ν = 1.99×
108 Hz), and ν = 0.5ω (ν = 9.42×108 Hz) at 300 MHz.
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8
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8
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FIG. 5. Difference (dB) for peaks intensity of the maximum RCS
between the HO and Mie models as a function of the electrical size
ka for three collision frequencies ν = 0.01ω (ν = 1.99× 107 Hz),
ν = 0.1ω (ν = 1.99×108 Hz), and ν = 0.5ω (ν = 9.42×108 Hz)
at 300 MHz.
plasma spherical discharge results from a collective oscilla-
tion of the free electrons inside the plasma. This oscillation
leads to a volume current J that emits intense microwave radi-
ation at resonance. However, it is important to notice that this
resonance is only obtained for very specific conditions.
For instance, Fig. 6 shows the maximum value for the RCS
calculated with the HO model for plasma and metal spheres
of electrical sizes ka = 0.05 at 300 MHz. For the metal sphere
we consider conventional metals, such as silver or gold, for
which we have ne ∼ 1022 cm−3 and ν ∼ 1014 Hz.32 Although
these conventional metals are conducting materials in which
free electrons are susceptible to be set in motion, we note in
Fig. 6 that their electron density is too high to achieve the reso-
nance condition at the frequency of interest, namely 300 MHz.
Regarding the losses, they have to remain small enough to ex-
hibit a sharp resonance as already shown in Fig. 2. For in-
stance, higher losses as in Fig. 2c leads to a great reduction of
the intensity of the resonance. Finally, in order to obtain a res-
onance phenomenon at a particular microwave frequency, the
electron density and collision frequency must be controlled
and not all conducting materials can be used. Within a plasma



















FIG. 6. Maximum RCS of plasma (ne = 3.35× 109 cm−3 and ν =
1.99×107 Hz) and metal spheres (ne = 1022 cm−3 and ν = 1014 Hz)
with radius ka = 0.05 at 300 MHz (a = 8 mm) as a function of the
frequency of the incident electromagnetic plane wave.





























FIG. 7. Maximum RCS of a plasma sphere of radius a = 8 mm for
three electron densities ne = 1.49×109 cm−3, ne = 3.35×109 cm−3,
and ne = 5.96×109 cm−3, and considering ν = 1.99×107 Hz, as a
function of the incident plane wave frequency.
discharge, it is possible to control these parameters to certain
extent in order to obtain resonance for instance at 300 MHz
(e.g., ne = 3.35×109 cm−3 and ν = 1.99×107 Hz in Fig. 6).
It is also interesting to notice that one can theoretically con-
trol the resonant frequency of the plasma sphere by modify-
ing its electron density. For example, Fig. 7 shows σmax as
a function of the incident plane wave frequency for a plasma
sphere of radius a = 8 mm for three different electron den-
sities ne = 1.49 × 109 cm−3, ne = 3.35 × 109 cm−3, and
ne = 5.96×109 cm−3, and considering ν = 1.99×107 Hz.
We clearly observe a decrease of the resonant frequency
when the electron density decreases. Note that for each case
ka 6 0.1 and therefore the HO model remains valid. Con-
trolling the resonant frequency of the plasma resonator is an
interesting feature that may be used to design frequency tun-
able electrically small antennas as already demonstrated in our
previous work.15
The results presented in this paper should be considered
keeping in mind the limitations of the proposed model, par-
ticularly with regard to the description of the plasma itself.
Indeed, here the plasma is assumed to be perfectly spherical,
uniform, and in free space, whereas in practice it is confined in
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as to the presence of a plasma sheath.15 However, the contain-
ing layer and plasma sheath simply behave as additional di-
electric layers which are known to only produce a shift of the
resonant frequency.33 Besides, such a frequency shift has also
been observed in studies on the effect of the inhomogeneity of
spherical objects.34 Finally, although plasma real characteris-
tics may modify its resonant frequency, they do not modify the
physical phenomenon that stands behind the intensification of
microwave radiation and that is unveiled by the proposed HO
model.
V. CONCLUSION
A simple harmonic oscillator (HO) model has been pro-
posed to unveil the main mechanism responsible for the inten-
sification of microwave radiation by an electrically small an-
tenna when surrounded by a subwavelength plasma discharge.
The results from the HO model are consistent with that calcu-
lated with a Mie code while the electrical size of the sphere ka
remains lower than 0.1. From this HO model we can conclude
that:
• in a sub-wavelength plasma discharge, collective oscil-
lations of its free electrons arise when they are driven
by an external incident electromagnetic field,
• the intensification of the microwave radiation is due
to the resonance of these collective oscillations, also
known as localized surface plasmon resonance (LSPR),
that leads to a large volume current and thus an en-
hanced radiated electromagnetic field,
• the resonant frequency depends mostly on the plasma
electron density when the collision frequency is small
compared to the angular frequency of the incident elec-
tromagnetic field,
• the resonant frequency is also a function of the shape of
the plasma discharge and of the properties of the inci-
dent electromagnetic field (i.e., angle of incidence and
polarization) through its induced surface charge density
distributions that establish the restoring force,
• the resonance tends to vanish for large collision fre-
quency due to power dissipation within the plasma,
• the resonance tends to vanish for large electrical size
of the plasma because the electrons no longer oscillate
coherently,
• frequency tunability of the resonance can be achieved
by controlling the electron density of the plasma.
This HO model finally gives an intuitive understanding of
the main mechanism occurring inside the plasma that is re-
sponsible for the intensification of the microwave radiation.
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ν = 1.99× 107 Hz










































































































































ν = 1.99× 108 Hz










































































































































ν = 9.42× 108 Hz
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a = 32 mm
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) ν = 1, 99× 107 Hz
ν = 1, 99× 10
8
Hz
















































































































































ν = 1, 99× 10
7
Hz
ν = 1, 99× 10
8
Hz































































































































































































































































































ne = 5.96× 10
9
cm
−3
T
hi
s 
is
 th
e 
au
th
or
’s
 p
ee
r 
re
vi
ew
ed
, a
cc
ep
te
d 
m
an
us
cr
ip
t. 
H
ow
ev
er
, t
he
 o
nl
in
e 
ve
rs
io
n 
of
 r
ec
or
d 
w
ill
 b
e 
di
ffe
re
nt
 fr
om
 th
is
 v
er
si
on
 o
nc
e 
it 
ha
s 
be
en
 c
op
ye
di
te
d 
an
d 
ty
pe
se
t.
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